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      Abstract. In the present paper 
1

2
-derivations and local 

1

2
-

derivations of 𝑛 -dimensional naturally graded quasi-filiform 

Leibniz algebra of type II are studied. Namely, a common form 

of the matrix of 
1

2
-derivations and local 

1

2
-derivations of these 

algebras is clarified. It turns out that the common form of the 

matrix of a 
1

2
-derivations on these algebras does not coincide 

with the local
1

2
-derivations’ matrices common form on these 

algebras. Therefore, these 𝑛 -dimensional naturally graded 

quasi-filiform Leibniz algebra of type II  have local 
1

2
-derivations 

that are not 
1

2
-derivations. 

INTRODUCTION 

Filippov studied 𝜹-derivations of Lie algebras in 

a series of papers [12-14]. The space of 𝜹-derivations 

includes usual derivations (𝜹 = 𝟏), anti-derivations (𝜹 =
−𝟏) and elements from the centroid. In [13] it was proved 

that prime Lie algebras, as a rule, do not have nonzero 𝜹-

derivations (provided 𝜹 ≠ 𝟏,−𝟏, 𝟎,
𝟏

𝟐
), and all 

𝟏

𝟐
-

derivations of an arbitrary prime Lie algebra 𝑨 over the 

field 𝔽 of characteristic 𝒑 ≠ 𝟐, 𝟑 with a non-degenerate 

symmetric invariant bilinear form were described. It was 

proved that if 𝑨 is a central simple Lie algebra over a field 

of characteristic 𝒑 ≠ 𝟐, 𝟑 with a nondegenerate 

symmetric invariant bilinear form, then any 
𝟏

𝟐
-derivation 

𝝋 has the form 𝝋 = 𝝀𝒙 for some 𝝀 ∈ 𝔽.  

In recent decades, a well-known and active 

direction in the study of derivations of associative 

algebras and rings is the problem about local derivations. 

The notion of local derivation on algebras was introduced 

by R.V. Kadison [15], D.R. Larson and A.R. Sourour [18]. 

A local derivation on an algebra 𝐴 is a linear map 𝛥: 𝐴 →
𝐴 which satisfies that for any 𝑥 ∈ 𝐴, there exists a 

derivation 𝐷𝑥: 𝐴 → 𝐴  

(depending on 𝑥) such that 𝛥(𝑥) = 𝐷𝑥(𝑥).The main 

problems concerning local derivations are to find 

conditions under which local derivations become  

derivations and to present examples of algebras with local 

derivations that are not derivations. Several authors 

investigated local derivations for finite or infinite 

dimensional Lie algebras [1-9, 11, 16, 17, 19, 20], and it 

was proved that every local derivation on many Lie 

algebras (for examples, semi-simple Lie algebras, Borel 

subalgebras of finite-dimensional simple Lie algebras, the 

Schrödinger algebra 𝑠𝑛 in (n + 1)-dimensional space-time) 

is a derivation. 

Investigation of local and 2-local 𝛿-derivations 

on Lie algebras was initiated in  [17] by A. 

Khudoyberdiyev and B. Yusupov. Namely, in [17] it is 

proved we introduce the notion of local and 2-local 𝛿-

derivations and describe local and 2-local 
1

2
-derivation of 

finite-dimensional solvable Lie algebras with filiform, 

Heisenberg, abelian nilradicals. Moreover, we give the 

description of local 
1

2
-derivation of oscillator Lie algebras, 

conformal perfect Lie algebras, and Schrödinger algebras.   

B. Yusupov, V. Vaisova and T. Madrakhimov proved 

similar results concerning local 
1

2
-derivations of naturally 

graded quasi-filiform Leibniz  algebras of type I in their 

recent paper [20]. They proved that quasi-filiform Leibniz 

algebras of type I, as a rule, admit local 
1

2
-derivations 

which are not 
1

2
-derivations. 

 PRELIMINARIES  

In this section we recall some basic notions and 

concepts used throughout the paper. 

For a given Leibniz algebra (𝐿, [⋅,⋅]), the 

sequence of two-sided ideals are defined recursively as 

follows:  

𝐿1 = 𝐿,    𝐿𝑘+1 = [𝐿𝑘, 𝐿],    𝑘 ≥ 1. 
This sequence is said to be the lower central series of 𝐿.  

           Definition 2.1  A Leibniz algebra 𝐿 is said to be 

nilpotent, if there exists 𝑛 ∈ ℕ such that 𝐿𝑛 = {0}. 

Now we give the definitions of 
1

2
-derivation and 

local 
1

2
-derivation.  

           Definition 2.2 Let (𝐿,[−,−]) be an algebra with a 

multiplication [−,−]. A linear map 𝐷 is called a 𝛿-

derivation if it satisfies 

𝐷[𝑥, 𝑦] = 𝛿([𝐷(𝑥), 𝑦] + [𝑥, 𝐷(𝑦)]) 
where 𝛿 from the ground field 𝔽. 

Definition 2.3 A linear map 𝛥 is called a local 𝛿-

derivation, if for any 𝑥 ∈ 𝐿 there exists a 𝛿-derivation 

𝐷𝑥: 𝐿 → 𝐿 (depending on 𝑥) such that 𝛥(𝑥) = 𝐷𝑥(𝑥). The 

set of all local 𝛿-derivations on 𝐿 we denote by  

𝐿𝑜𝑐𝐷𝑒𝑟𝛿(𝐿).  
In this work, we focus on investigating local and 

2-local 
1

2
-derivations. Since any 

1

2
-derivation is a local and 

2-local 
1

2
-derivations, we are interesting on local and 2-



local 
1

2
-derivation, which is not a 

1

2
-derivation. Such local 

(resp. 2-local) 
1

2
-derivations we call non-trivial local (resp. 

2-local) 
1

2
-derivations. 

 Below we define the notion of a quasi-filiform 

Leibniz algebra.  

Definition 2.4 A Leibniz algebra 𝐿 is called 

quasi-filiform if 𝐿𝑛−2 ≠ {0} and 𝐿𝑛−1 = {0}, where 𝑛 =
𝑑𝑖𝑚𝐿.Given an 𝑛-dimensional nilpotent Leibniz algebra 𝐿 

such that 𝐿𝑠−1 ≠ {0} and 𝐿𝑠 = {0}, put 𝐿𝑖 = 𝐿
𝑖/𝐿𝑖+1, 1 ≤

𝑖 ≤ 𝑠 − 1, and 𝑔𝑟(𝐿) = 𝐿1⊕⋯⊕𝐿𝑠−1. Due to 

[𝐿𝑖 , 𝐿𝑗] ⊆ 𝐿𝑖+𝑗 we obtain the graded algebra 𝑔𝑟(𝐿). If 

𝑔𝑟(𝐿) and 𝐿 are isomorphic, 𝑔𝑟(𝐿) ≅ 𝐿, we say that 𝐿 is 

naturally graded. 

Let 𝑥 be a nilpotent element of the set 𝐿\𝐿2. For the 

nilpotent operator of right multiplication ℛ𝑥 we define a 

decreasing sequence 𝐶(𝑥) = (𝑛1, 𝑛2, … , 𝑛𝑘), where 𝑛 =
𝑛1 + 𝑛2 +⋯+ 𝑛𝑘, which consists of the dimensions of 

Jordan blocks of the operator ℛ𝑥. On the set of such 

sequences we consider the lexicographic order, that is, 

𝐶(𝑥) = (𝑛1, 𝑛2, … , 𝑛𝑘) ≤ 𝐶(𝑦) = (𝑚1, 𝑚2, … ,𝑚𝑡) iff 

there exists 𝑖 ∈ ℕ such that 𝑛𝑗 = 𝑚𝑗 for any 𝑗 < 𝑖 and 

𝑛𝑖 < 𝑚𝑖 .  
Definition 2.5 The sequence 𝐶(𝐿) = 𝑚𝑎𝑥

𝑥∈𝐿\𝐿2
𝐶(𝑥) 

is called the characteristic sequence of the algebra 𝐿.  

Definition 2.6 A quasi-filiform non Lie Leibniz 

algebra 𝐿 is called an algebra of the type I (respectively, 

type II) if there exists an element 𝑥 ∈ 𝐿\𝐿2 such that the 

operator ℛ𝑥 has the form (
𝐽𝑛−2 0
0 𝐽2

) (respectively, 

(
𝐽2 0
0 𝐽𝑛−2

)).  

The following theorem obtained in [10] gives the 

classification of naturally graded quasi-filiform Leibniz 

algebras.  

Theorem 2.1 [10]  An arbitrary 𝑛-dimensional 

naturally graded quasi-filiform Leibniz algebra of type II 

is isomorphic to one of the following pairwise non-

isomorphic algebras of the families:𝑛even  

ℒ𝑛
1 : {

[𝑒1, 𝑒1] = 𝑒2,

[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,

  

ℒ𝑛
2: {

[𝑒1, 𝑒1] = 𝑒2,

[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒3] = 𝑒2 − 𝑒4,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 4 ≤ 𝑖 ≤ 𝑛 − 1,

 

ℒ𝑛
3: {

[𝑒1, 𝑒1] = 𝑒2,

[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒3, 𝑒3] = 𝑒2,

    

ℒ𝑛
4:

{
 
 

 
 
[𝑒1, 𝑒1] = 𝑒1,
[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,

[𝑒1, 𝑒3] = 2𝑒2 − 𝑒4,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 4 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒3, 𝑒3] = 𝑒2,

 

𝑛 odd, ℒ𝑛
1 , ℒ𝑛

2 , ℒ𝑛
3 , ℒ𝑛

4 ,   

ℒ𝑛
5: {

[𝑒1, 𝑒1] = 𝑒2, 𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,

[𝑒𝑖 , 𝑒𝑛+2−𝑖] = (−1)
𝑖𝑒𝑛, 3 ≤ 𝑖 ≤ 𝑛 − 1,

 

ℒ𝑛
6,𝛽
:

{
 
 

 
 
[𝑒1, 𝑒1] = 𝑒2,

[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1
[𝑒1, 𝑒3] = 𝛽𝑒2 − 𝑒4, 𝛽 ∈ {1,2}
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 4 ≤ 𝑖 ≤ 𝑛 − 1,

[𝑒𝑖 , 𝑒𝑛+2−𝑖] = (−1)
𝑖𝑒𝑛, 3 ≤ 𝑖 ≤ 𝑛 − 1,

 

 

  ℒ𝑛
7,𝛾
:

{
 
 

 
 
[𝑒1, 𝑒1] = 𝑒2,

[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒3, 𝑒3] = 𝛾𝑒2, 𝛾 ≠ 0,

[𝑒𝑖 , 𝑒𝑛+2−𝑖] = (−1)
𝑖𝑒𝑛, 3 ≤ 𝑖 ≤ 𝑛 − 1,

               

ℒ𝑛
8,𝛽,𝛾

:

{
  
 

  
 
[𝑒1, 𝑒1] = 𝑒2,
[𝑒𝑖 , 𝑒1] = 𝑒𝑖+1, 3 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒1, 𝑒3] = 𝛽𝑒2 − 𝑒4,

[𝑒1, 𝑒𝑖] = −𝑒𝑖+1, 4 ≤ 𝑖 ≤ 𝑛 − 1,
[𝑒3, 𝑒3] = 𝛾𝑒2, (𝛽, 𝛾) = (−2,1), (2,1) 𝑜𝑟(4,2),

[𝑒𝑖 , 𝑒𝑛+2−𝑖] = (−1)
𝑖𝑒𝑛, 3 ≤ 𝑖 ≤ 𝑛 − 1,

 

where {𝑒1, 𝑒2, … , 𝑒𝑛} is a basis of the algebra. 

MAIN RESULTS 

Now let us give the main result about 
1

2
-

derivation and local 
1

2
-derivation of naturally graded 

quasi-filiform Leibniz algebra of type II. 

Proposition 3.1   Any 
1

2
-derivation of naturally 

graded quasi-filiform Leibniz algebra of type II has the 

following form:  

For algebras ℒ𝑛
1 :  

{
 
 

 
 𝐷(𝑒1) =∑𝑎𝑖𝑒𝑖

𝑛

𝑖=1

  𝐷(𝑒2) = 𝑎1𝑒2, 𝐷(𝑒3) =∑𝑏𝑖𝑒𝑖

𝑛

𝑖=1

,

𝐷(𝑒𝑗) = (1 − 2
3−𝑗)𝑎1𝑒𝑗 + 2

3−𝑗∑𝑏𝑖−𝑗+3𝑒𝑖

𝑛

𝑖=𝑗

 ,

 

for algebras ℒ𝑛
2:  

{
 
 
 
 

 
 
 
 𝐷(𝑒1) =∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

,    𝐷(𝑒2) =
1

2
(2𝛼1 + 𝛼3)𝑒2,

𝐷(𝑒3) =∑𝑏𝑖𝑒𝑖

𝑛

𝑖=2

,   

𝐷(𝑒𝑗) = (1 − 2
3−𝑗)𝛼1𝑒𝑗 + 2

3−𝑗∑𝑏𝑖−𝑗+3𝑒𝑖4 ≤ 𝑗 ≤ 𝑛

𝑛

𝑖=𝑗

 

for algebras ℒ𝑛
3:  

{
 
 

 
 𝐷(𝑒1) =∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

,    𝐷(𝑒2) = 𝛼1𝑒2,   𝐷(𝑒3) =∑𝑏𝑖𝑒𝑖

𝑛

𝑖=2

,

 𝐷(𝑒𝑗) = (1 − 2
3−𝑗)𝛼1𝑒𝑗 + 2

3−𝑗∑𝑏𝑖−𝑗+3𝑒𝑖 , 4 ≤ 𝑗 ≤ 𝑛.

𝑛

𝑖=𝑗

 

for algebras ℒ𝑛
4:  

{
 
 

 
 𝐷(𝑒1) =∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

, 𝐷(𝑒2) = (𝛼1 + 𝛼3)𝑒2, 𝐷(𝑒3) =∑𝑏𝑖𝑒𝑖

𝑛

𝑖=2

,

𝐷(𝑒𝑗) = (1 − 2
3−𝑗)𝛼1𝑒𝑗 + 2

3−𝑗∑𝑏𝑖−𝑗+3𝑒𝑖 , 4 ≤ 𝑗 ≤ 𝑛,

𝑛

𝑖=𝑗

 

where 𝑏3 = 𝛼1 + 𝛼3.  
for algebras ℒ𝑛

5:  



{
 
 
 
 
 

 
 
 
 
 𝐷(𝑒1) =∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

,    𝐷(𝑒2) = 𝛼1𝑒2,

𝐷(𝑒3) = ∑𝑏𝑖 ⋅ 𝑒𝑖

𝑛−3

𝑖=2

+ 𝑏𝑛−1𝑒𝑛−1 + 𝑏𝑛𝑒𝑛,    

𝐷(𝑒𝑗) = 2
3−𝑗 (∑𝑏𝑖−𝑗+3𝑒𝑖

𝑛

𝑖=𝑗

)+

 +(1 − 23−𝑗)𝛼1𝑒𝑗 +
(−1)𝑗−1𝛼𝑛+3−𝑗𝑒𝑛

2
, 4 ≤ 𝑗 ≤ 𝑛.

 

for algebras ℒ𝑛
6,𝛽
(𝛽 = {1; 2}): 

{
 
 
 
 
 
 

 
 
 
 
 
 𝐷(𝑒1) = ∑𝛼𝑖𝑒𝑖

𝑛−2

𝑖=1

+ 𝛼𝑛𝑒𝑛, ,     𝐷(𝑒2) =
1

2
𝛽𝛼3𝑒2

𝐷(𝑒3) = ∑𝑏𝑖 ⋅ 𝑒𝑖 + 𝑏𝑛−1𝑒𝑛−1 + 𝑏𝑛𝑒𝑛

𝑛−3

𝑖=2

,

𝐷(𝑒𝑗) = 2
3−𝑗 (∑𝑏𝑖−𝑗+3𝑒𝑖

𝑛

𝑖=𝑗

)+ (1 − 23−𝑗)𝛼1𝑒𝑗 +

             +
(−1)𝑗−1𝛼𝑛+3−𝑗𝑒𝑛

2
, 4 ≤ 𝑗 ≤ 𝑛

 

 

for algebras ℒ𝑛
7,𝛾
(𝛾 ≠ 0):  

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝐷(𝑒1) = ∑𝛼𝑖𝑒𝑖

𝑛−2

𝑖=1

+ 𝛼𝑛𝑒𝑛,     𝐷(𝑒2) = 𝛼1𝑒2,

𝐷(𝑒3) = ∑𝑏𝑖 ⋅ 𝑒𝑖

𝑛−3

𝑖=2

+ 𝑏𝑛−1𝑒𝑛−1 + 𝑏𝑛𝑒𝑛,

𝐷(𝑒4) =
1

2
(𝑏1𝑒2 + 𝛼1𝑒4 + 𝛼3𝛾𝑒2 − 𝛼𝑛−1𝑒𝑛 +∑𝑏𝑖−1𝑒𝑖

𝑛

𝑖=4

) ,

𝐷(𝑒𝑗) = 2
3−𝑗 (∑𝑏𝑖−𝑗+3𝑒𝑖

𝑛

𝑖=𝑗

)+ (1 − 23−𝑗)𝛼1𝑒𝑗

           +
(−1)𝑗−1𝛼𝑛+3−𝑗𝑒𝑛

2
, 5 ≤ 𝑗 ≤ 𝑛

 

where 𝛼1 = 𝛾𝑏3  

for algebras ℒ𝑛
8,𝛽,𝛾

:  

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝐷(𝑒1) =∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

,      𝐷(𝑒2) =
1

2
(2𝛼1 + 𝛼3𝛽)𝑒2,

𝐷(𝑒3) = ∑𝑏𝑖 ⋅ 𝑒𝑖

𝑛−3

𝑖=2

+ 𝑏𝑛−1𝑒𝑛−1 + 𝑏𝑛𝑒𝑛,

𝐷(𝑒4) =
1

2
(𝑏1𝑒2 +∑𝑏𝑖−1𝑒𝑖 + 𝛼1𝑒4 + 𝛼3𝛾𝑒2 − 𝑏𝑛−1𝑒𝑛

𝑛

𝑖=4

) ,

𝐷(𝑒𝑗) = 2
3−𝑗 (∑𝑏𝑖−𝑗+3𝑒𝑖

𝑛

𝑖=𝑗

)+ (1 − 23−𝑗)𝛼1𝑒𝑗

+
(−1)𝑗−1𝛼𝑛+3−𝑗𝑒𝑛

2
, 5 ≤ 𝑗 ≤ 𝑛

 
where (𝛽, 𝛾) = (−2; 1), (2; 1)𝑣𝑎(4; 2) and 2𝛾𝛼1 +
𝛾𝛼3𝛽 = 𝑏1𝛽 + 2𝛾𝑏3. 

Proof. We prove the proposition for the algebra ℒ𝑛
1 . The 

rest of the cases can be proved similarly. Let 𝐷 be a 
1

2
-

derivation of the algebra. We set  

𝐷(𝑒1) =∑

𝑛

𝑖=1

𝑎𝑖𝑒𝑖 ,    𝐷(𝑒3) =∑

𝑛

𝑖=1

𝑏𝑖𝑒𝑖 . 

Consider the equalities  

𝐷(𝑒2) = 𝐷([𝑒𝑖 𝑒𝑖]) =
1

2
⋅ ([𝑑(𝑒1), 𝑒1] + [𝑒1, 𝑑(𝑒1)]) =

             =
1

2
⋅ ([∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

, 𝑒1] + [𝑒1,∑𝛼𝑖𝑒𝑖

𝑛

𝑖=1

]) = 𝛼1𝑒2.

 Consider the equalities 

𝐷(𝑒4) = 𝐷([𝑒3, 𝑒1]) =
1

2
([𝐷(𝑒3), 𝑒1] + [𝑒3, 𝐷(𝑒1)])

=
1

2
([∑𝑛𝑖=1 𝑏𝑖𝑒𝑖, 𝑒1] + [𝑒3, ∑

𝑛
𝑖=1 𝑎𝑖𝑒𝑖]) =

=
1

2
(𝑏1𝑒2 +∑

𝑛
𝑖=4 𝑏𝑖−1𝑒𝑖 + 𝑎1𝑒4) =

  

=
1

2
𝑏1𝑒2 +

1

2
(𝑎1 + 𝑏3)𝑒4 +

1

2
∑

𝑛

𝑖=5

𝑏𝑖−1𝑒𝑖 

 

From the equalit 

0 = 𝐷([𝑒4, 𝑒3]) =
1

2
([𝐷(𝑒4), 𝑒3] + [𝑒4, 𝐷(𝑒3)]) =

 
 =

1

2
[
1

2
𝑏1𝑒2 +

1

2
(𝑎1 + 𝑏3)𝑒4 +

1

2
∑𝑛𝑖=5 𝑏𝑖−1𝑒𝑖 , 𝑒3] +

  +
1

2
[𝑒4, ∑

𝑛
𝑖=1 𝑏𝑖𝑒𝑖] = 𝑏1𝑒5

  

which implies 𝑏1 = 0. 
 With similar arguments applied on the products [𝑒𝑖 , 𝑒1] =
𝑒𝑖+1 and with an induction on 𝑖, it is easy to check that the 

following identities hold for 5 ≤ 𝑖 ≤ 𝑛: 

𝐷(𝑒𝑖) = (1 − (
1

2
)
𝑖−3

)𝑎1𝑒𝑖 +
1

2𝑖−3
∑𝑏𝑗−𝑖+3𝑒𝑗

𝑛

𝑗=𝑖

. 

Theorem 3.2 Any local 
1

2
-derivation of naturally graded 

quasi-filiform Leibniz algebra of type II has the 

following form:  

for the algebras ℒ𝑛
1 , ℒ𝑛

2: 

LocDer1
2
: {
𝛥(𝑒1) = ∑

𝑛
𝑗=1 𝑐𝑗,1𝑒𝑗 , 𝛥(𝑒2) = 𝑐2,2𝑒2,

𝛥(𝑒3) = ∑
𝑛
𝑗=2 𝑐𝑗,3𝑒𝑗 , 𝛥(𝑒𝑖) = ∑

𝑛
𝑗=𝑖 𝑐𝑗,𝑖𝑒𝑖 ,

     

for 

the algebras ℒ𝑛
3 , ℒ𝑛

4:

 

  

LocDer1
2
:

{
 
 
 
 

 
 
 
 𝛥(𝑒1) =∑

𝑛

𝑗=1

𝑐𝑗,1𝑒𝑗 ,      𝛥(𝑒2) = 𝑐2,2𝑒2,

𝛥(𝑒3) =∑

𝑛

𝑗=2

𝑐𝑗,3𝑒𝑗 , 𝛥(𝑒4) = 𝑐2,4𝑒2 +∑

𝑛

𝑗=4

𝑐𝑗,4𝑒𝑗,

𝛥(𝑒𝑖) =∑

𝑛

𝑗=𝑖

𝑐𝑗,𝑖𝑒𝑖 , 5 ≤ 𝑖 ≤ 𝑛

 

 

for the algebras ℒ𝑛
5 , ℒ𝑛

6,𝛽
(𝛽 = {1; 2}): 

 



LocDer1
2
:

{
 
 
 
 

 
 
 
 𝛥(𝑒1) =∑

𝑛

𝑗=1

𝑐𝑗,1𝑒𝑗 ,     𝛥(𝑒2) = 𝑐2,2𝑒2,

 𝛥(𝑒3) = ∑

𝑛−3

𝑗=2

𝑐𝑗,3𝑒𝑗 + 𝑐𝑛−1,3𝑒𝑛−1 + 𝑐𝑛,3𝑒𝑛,

𝛥(𝑒𝑖) =∑

𝑛

𝑗=𝑖

𝑐𝑗,𝑖𝑒𝑖 ,   4 ≤ 𝑖 ≤ 𝑛;

 

for the algebras ℒ𝑛
7,𝛾
(𝛾 ≠ 0),   ℒ𝑛

8,𝛽,𝛾
: 

𝐿𝑜𝑐𝐷𝑒𝑟1
2
:

{
 
 
 
 

 
 
 
 𝛥(𝑒1) =∑

𝑛

𝑗=1

𝑐𝑗,1𝑒𝑗,     𝛥(𝑒2) = 𝑐2,2𝑒2,

𝛥(𝑒3) = ∑

𝑛−3

𝑗=2

𝑐𝑗,3𝑒𝑗 + 𝑐𝑛−1,3𝑒𝑛−1 + 𝑐𝑛,3𝑒𝑛,

 𝛥(𝑒4) = 𝑐2,4𝑒2 +∑

𝑛−3

𝑗=2

𝑐𝑗,4𝑒𝑗 , 𝛥(𝑒𝑖) =∑

𝑛

𝑗=𝑖

𝑐𝑗,𝑖𝑒𝑖 ,

 

Proof.  We proof the Theorem for the algebra ℒ𝑛
1 , the 

other cases can be similarly. 

Let 𝛥 be an arbitrary local 
1

2
-derivation on ℒ𝑛

1 . 

By the definition of local 
1

2
-derivation, for any element 

𝑥 ∈ ℒ𝑛
1 , there exists a 

1

2
-derivation 𝐷𝑥 on such ℒ𝑛

1
 
that    

𝛥(𝑥) = 𝐷𝑥(𝑥). 

By Proposition 3.1, the matrix of 
1

2
-derivation 𝐷𝑥has the 

following form:  
𝐴𝑥

=

(

 
 
 
 
 
 

𝑎1
𝑥 0 0 0 . . . 0

𝑎2
𝑥 𝑎1

𝑥 𝑏2
𝑥 0 . . . 0

𝑎3
𝑥 0 𝑏3

𝑥 0 . . . 0

𝑎4
𝑥 0 𝑏4

𝑥
1

2
(𝑎1

𝑥 + 𝑏3
𝑥) . . . 0

. . . . . . . . . ⋱ . . . 0

𝑎𝑛
𝑥 0 𝑏𝑛

𝑥
𝑏𝑛−1
𝑥

2
. . . (1 −

1

2𝑛−3
) 𝑎1

𝑥 +
1

2𝑛−3
𝑏3
𝑥
)

 
 
 
 
 
 

 

 

 Let 𝐶 be the matrix of 𝛥 and 

𝐶

=

(

 
 
 
 
 
 
 

𝑐1,1 𝑐1,2 𝑐1,3 𝑐1,4 ⋯ 𝑐1,𝑛
𝑐2,1 𝑐2,2 𝑐2,3 𝑐2,4 ⋯ 𝑐2,𝑛
𝑐3,1 𝑐3,2 𝑐3,3 𝑐3,4 ⋯ 𝑐3,𝑛
𝑐4,1 𝑐4,2 𝑐4,3 𝑐4,4 ⋯ 𝑐4,𝑛
𝑐5,1 𝑐5,2 𝑐5,3 𝑐5,4 ⋯ 𝑐5,𝑛
⋯ ⋯ ⋯ ⋯ ⋱ ⋯
𝑐𝑛−1,1 𝑐𝑛−1,2 𝑐𝑛−1,3 𝑐𝑛−1,4 ⋯ 𝑐𝑛−1,𝑛
𝑐𝑛,1 𝑐𝑛,2 𝑐𝑛,3 𝑐𝑛,4 ⋯ 𝑐𝑛,𝑛 )

 
 
 
 
 
 
 

 

Then, by choosing subsequently 𝑥 = 𝑒1, 
 𝑥 = 𝑒2, . . . , 𝑥 = 𝑒𝑛 and using 𝛥(𝑥) = 𝐷𝑥(𝑥), i.e. 

𝐶�̅� = 𝐴𝑥�̅� where �̅� = (𝑥1, 𝑥2, . . . , 𝑥𝑛)
𝑇 is the vector 

corresponding to 𝑥 = 𝑥1𝑒1 + 𝑥2𝑒2+. . . +𝑥𝑛𝑒𝑛, we have  

 

𝐶

=

(

 
 
 
 
 
 

𝑐1,1 0 0 0 ⋯ 0 0

𝑐2,1 𝑐2,2 𝑐2,3 0 ⋯ 0 0

𝑐3,1 0 𝑐3,3 0 ⋯ 0 0

𝑐4,1 0 𝑐4,3 𝑐4,4 ⋯ 0 0

𝑐5,1 0 𝑐5,3 𝑐5,4 ⋯ 0 0
⋯ ⋯ ⋯ ⋯ ⋱ ⋯ ⋯
𝑐𝑛−1,1 0 𝑐𝑛−1,3 𝑐𝑛−1,4 ⋯ 𝑐𝑛−1,𝑛−1 0

𝑐𝑛,1 0 𝑐𝑛,3 𝑐𝑛,4 ⋯ 𝑐𝑛,𝑛−1 𝑐𝑛,𝑛)

 
 
 
 
 
 

. 

Now we prove that the linear operator, defined by 

the matrix 𝐶 is a local 
1

2
-derivation. If, for each element 

𝑥 ∈ ℒ𝑛
1 , there exists a matrix 𝐴𝑥of the form in 

Proposition 3.1 such that 

𝐶�̅� = 𝐴𝑥�̅�,     (3.1) 

then the linear operator, defined by the matrix 𝐶is a local 
1

2
-derivation. In other words, if, for each element 𝑥 ∈ ℒ𝑛

1 , 

the system of equations 

{
 
 

 
 
𝑐1,1𝑥1 = 𝑎1

𝑥𝑥1, 𝑐2,1𝑥1 + 𝑐2,2𝑥2 + 𝑐2,3𝑥3 = 𝑎2
𝑥𝑥1 + 𝑎1

𝑥𝑥2 + 𝑏2
𝑥𝑥3,

𝑐3,1𝑥1 + 𝑐3,3𝑥3 = 𝑎3
𝑥𝑥1 + 𝑏3

𝑥𝑥3,

𝑐𝑖,1𝑥1 + ∑ 𝑐𝑖,𝑗𝑥𝑗
𝑖
𝑗=3 = 𝑎𝑖

𝑥𝑥1 + 𝑏𝑖
𝑥𝑥3 +

+((1 − 23−𝑖)𝑎1
𝑥 + 23−𝑖𝑏3

𝑥) 𝑥𝑖 + ∑ 23−𝑗𝑏𝑖−𝑗+3
𝑥 𝑥𝑗

𝑖−1
𝑗=4     

              

obtained from (3.1), has a solution with respect to the 

variables 

𝒂𝟏
𝒙, 𝒂𝟐

𝒙, . . . , 𝒂𝒏
𝒙 , 𝒃𝟐

𝒙, 𝒃𝟑
𝒙, . . . , 𝒃𝒏

𝒙  

then the linear operator, defined by the matrix 𝐶, is a 

local 
1

2
-derivation. 

Let us consider the following cases 

Case 1. Let 𝒙𝟏 ≠ 𝟎. Then, 4 ≤ 𝑖 ≤ 𝑛  

𝒂𝟏
𝒙 = 𝒄𝟏,𝟏, 𝒂𝟐

𝒙 =
𝒄𝟐,𝟏𝒙𝟏+𝒄𝟐,𝟐𝒙𝟐+𝒄𝟐,𝟑𝒙𝟑−𝒂𝟏

𝒙𝒙𝟐−𝒃𝟐
𝒙𝒙𝟑

𝒙𝟏
,

𝒂𝟑
𝒙 =

𝒄𝟑,𝟏𝒙𝟏+𝒄𝟑,𝟑𝒙𝟑−𝒃𝟑
𝒙𝒙𝟑,

𝒙𝟏
,

𝒂𝒊
𝒙 =

∑ 𝒄𝒊,𝒋𝒙𝒋
𝒊
𝒋=𝟑 −𝒃𝒊

𝒙𝒙𝟑−((𝟏−𝟐
𝟑−𝒊)𝒂𝟏

𝒙+𝟐𝟑−𝒊𝒃𝟑
𝒙)𝒙𝒊−∑ 𝟐𝟑−𝒋𝒃𝒊−𝒋+𝟑

𝒙 𝒙𝒋
𝒊−𝟏
𝒋=𝟒

𝒙𝟏
,

where 𝑏𝑡
𝑥,   2 ≤ 𝑡 ≤ 𝑛 defined arbitrary. 

Case 2. Let 𝒙𝟏 = 𝟎, 𝒙𝟐 ≠ 𝟎. Then  

𝒂𝟏
𝒙 =

𝒄𝟐,𝟐𝒙𝟐 + 𝒄𝟐,𝟑𝒙𝟑 − 𝒃𝟐
𝒙𝒙𝟑

𝒙𝟐
 

where  𝑏2
𝑥 defined arbitrary. 

Case 3. Let 𝒙𝟏 = 𝒙𝟐 = 𝟎, 𝒙𝟑 ≠ 𝟎. Then 𝟒 ≤ 𝒊 ≤ 𝒏 
𝒃𝟐
𝒙 = 𝒄𝟐,𝟐,      𝒃𝟑

𝒙 = 𝒄𝟑,𝟑,

𝒃𝒊
𝒙 =

∑ 𝑐𝑖,𝑗𝑥𝑗
𝑖
𝑗=3 − ((1 − 23−𝑖)𝑎1

𝑥 + 23−𝑖𝑏3
𝑥) 𝑥𝑖

𝑥3
−

 

      −
∑ 23−𝑗𝑏𝑖−𝑗+3

𝑥 𝑥𝑗
𝑖−1
𝑗=4

𝑥3
 

 

Case 4. Let 𝒙𝟏 = 𝒙𝟐 =. . . = 𝒙𝒕−𝟏 = 𝟎,    𝒙𝒕 ≠ 𝟎,
𝟒 ≤ 𝒕 ≤ 𝒏. Then  

𝒃𝟑
𝒙 = 𝟐𝒕−𝟑𝒄𝒕,𝒕,

𝒃𝒊−𝒕+𝟑
𝒙 = 𝟐𝒕−𝟑 ⋅

∑ 𝒄𝒊,𝒋𝒙𝒋
𝒊
𝒋=𝒕 − ∑ 𝒃𝒊−𝒋+𝟑

𝒙 𝒙𝒋
𝒊
𝒋=𝒕+𝟏

𝒙𝒕
, 𝒕 + 𝟏 ≤ 𝒊 ≤ 𝒏,

 

where  𝑎1
𝑥 defined arbitrary. 



Corollary 3.3.  The naturally graded quasi-

filiform Leibniz algebras of type II admit a local 
𝟏

𝟐
-

derivations which are not a 
𝟏

𝟐
-derivations. 

CONCLUSION 

In the present paper we consider 
1

2
-derivation and 

local 
1

2
-derivation on naturally graded quasi-filiform 

Leibniz algebras of Type II. We give the description of 
1

2
-derivations on naturally graded quasi-filiform Leibniz 

algebras of Type II. Moreover, we describe the local 
1

2
-

derivation on naturally quasi-filiform Leibniz algebras of 

Type II. We prove that naturally graded quasi-filiform 

Leibniz algebras of Type II admit a local 
1

2
-derivation 

which are not a 
1

2
-derivation. 
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